Let a ∈ W 1,∞ (0, 1), a(x) ≥ α > 0, b, c ∈ L ∞ (0, 1) and consider the differential operator A given by Au = au + bu + cu. Let αj , βj (j = 0, 1) be complex numbers satisfying (αj, βj) = (0, 0) for j = 0, 1. We prove that a realization of A with the boundary conditions αj u (j) + βj u(j) = 0, j = 0, 1, generates a cosine family on L p (0, 1) for every p ∈ [1, ∞) . This result is obtained by an explicit calculation, using simply d'Alembert's formula, of the solutions in the case of the Laplace operator. Classification (2000) . Primary 35L05, 35L90; Secondary 47D06, 47D09.
Introduction
We study well-posedness of the linear, one-dimensional wave equation with initial and boundary conditions given by
Au, x ∈ (0, 1), t ≥ 0, u(0, x) = u 0 (x), x ∈ (0, 1), u t (0, x) = u 1 (x),
x ∈ (0, 1), α 0 u x (t, 0) + β 0 u(t, 0) = 0, t ≥ 0, α 1 u x (t, 1) + β 1 u(t, 1) = 0, t ≥ 0.
(1.1) R. Chill, V. Keyantuo and M. Warma
We suppose that the coefficients b and c belong to L ∞ (0, 1) and that a ∈ W 1,∞ (0, 1) satisfies a(x) ≥ α > 0 for some constant α. The initial values u 0 and u 1 are given in some function spaces to be made precise, and the constants α j and β j are complex numbers satisfying (α j , β j ) = (0, 0) for j = 0, 1. The case α j = 0 corresponds to Neumann or Robin boundary conditions. Dirichlet boundary conditions are represented by the choice α j = 0 (while then β j = 0). The two boundary conditions at the end points of the interval (0, 1) may be of different type, that is, we allow also mixed boundary conditions. The aim of this paper is to prove well-posedness of the problem (1.1) in L p (0, 1) for every p ∈ [1, ∞) and for every type of proposed boundary conditions. The well-posedness on a space of continuous functions will be also investigated. Recall that the problem (1.1) is well posed in some Banach function space if for every choice of initial values u 0 , u 1 in that Banach space there exists a unique mild solution; see [1] or Section 2 below for precise definitions and equivalent formulations of well-posedness.
It is well known that the wave equation with Au = u xx and with Dirichlet boundary conditions is well posed on C 0 ((0, 1)); see [2] , [6] , [14] , [16] . For more general second-order differential operators with Dirichlet boundary conditions on C 0 ((0, 1)) we refer to [2] or [16] . Generation results for second-order differential operators on W 1,p (0, 1) resp. L p (0, 1) (1 ≤ p < ∞) with Dirichlet or on W 1,p (0, 1) resp. L p (0, 1)×C 2 with Wentzell type boundary conditions are contained in [3] resp.
[9], [13] and [17] . Note that in the case of the Laplace operator with Dirichlet or Neumann boundary conditions, it is a classical fact that solutions can be computed explicitly by considering first odd (resp. even) and then 2-periodic extensions of the initial values and by using d'Alembert's formula. This fact was mainly used in the above mentioned articles. In [8] , solutions in L p (0, 1) were obtained in terms of Fourier series. Their summability in L p was derived from Gaussian estimates with the advantage that the technique generalizes to the higher-dimensional case.
As in the literature cited above, our approach to proving well-posedness is based on two ideas: first, in the case of the Laplace operator, we will obtain an explicit local solution of (1.1) by simply using d'Alembert's formula and by solving suitable ordinary differential equations; that is, we show that d'Alembert's formula is also applicable when considering Robin boundary conditions. Second, we show that the general case follows from the case of the Laplace operator by a similarity argument and by perturbation. Such similarity and perturbation arguments were used in [2] for Dirichlet boundary conditions, but see also [4, Proof of Theorem 4.3, p. 387] (for the similarity argument) and [3], [9].
Although we are able to treat all types of proposed boundary conditions, we concentrate on the case of Robin (and mixed) boundary conditions. The paper is organized as follows. In Section 2, we recall some well-known results on cosine families and we state our main results. In Section 3, we investigate explicitly the Laplace operator. We show that a realization of the Laplace operator with Robin boundary conditions generates a cosine function in L p (0, 1) and in
